FINITE DOMINATION AND NOVIKOV RINGS. 
TWO VARIABLES 



THOMAS HUTTEMANN AND DAVID QUINN 



Abstract. Let C be a bounded cochain complex of finitely generated 
free modules over the Laurent polynomial ring L = R[x, x~ , y, y ]. 
The complex C is called J?-finitely dominated if it is homotopy equiv- 
alent over R to a bounded complex of finitely generated projective R- 
modules. Our main result characterises 7?-finitely dominated complexes 
in terms of Novikov cohomology: C is infinitely dominated if and 
only if eight complexes derived from C are acyclic; these complexes are 
C <g>£ 7?[[x,y]][(a;t/) _1 ] and C ® L R[x, x~ x ] [[t/]][y _1 ], and their variants 
obtained by swapping x and y, and replacing either indeterminate by 
its inverse. 
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Part I. Introduction 



1.1. The main theorem 



Let R C K be a pair of unital rings. A cochain complex C of projective 
-RT-modules is called R-finitely dominated if C is homotopy equivalent, as an 
i?-module complex, to a bounded complex of finitely generated projective 
i?-modules. 

Finite domination is relevant, for example, in group theory and topology. 
Suppose that G is a group of type (FP); this means, by definition, that 
the trivial G-module 7L admits a finite resolution C by finitely generated 
projective Z[G] -modules. Let H be a subgroup of G. Deciding whether H is 
of type (FP) is equivalent to deciding whether C is Z[H] -finitely dominated. 

In topology, finite domination is considered in the context of homological 
finiteness properties of covering spaces, or properties of ends of manifolds. 
See for example Ranicki's article for results and references [Ran95j. 

Our starting point is the following result of Ranicki: 

Theorem 1. 1.1 ( |Ran951 Theorem 2]). Let C be a bounded complex of 
finitely generated free modules over K = The complex C is 

R-finitely dominated if and only if the two complexes 



are acyclic. 

Here R((xj) = R[[x]] [x^ 1 ] denotes the ring of formal Laurent series in x, 
and-R^x" 1 )) = R[[ x x ]] [x] denotes the ring of formal Laurent series in x . 

For Laurent polynomial rings in several indeterminates, it is possible 
to strengthen this result to allow for iterative application, see for exam- 
ple |HQ11| . In particular, writing L = R[x, x^ 1 , y, y^ 1 ] for the Laurent 
polynomial ring in two variables, one can show that a bounded complex of 
finitely generated free L-modules is .R-finitely dominated if and only if the 
four complexes 



C®R((x)) and C i?^ 1 )) 



C®R[x,x-%y)) 
C (8) R((x)) 



C ® ^((x- 1 )) 



are acyclic. 
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In the present paper, we pursue a different, non-iterative approach, lead- 
ing to a new characterisation of finite domination. To state the main re- 
sult, we introduce another bit of notation: we write R((x, y)) for the ring 
of those formal Laurent series / in x and y having the property that 
x k y k ■ f E R[[x, y]) for k sufficiently large. That is, 

R((x,y))=R{[x,y]}[(xyr 1 ] . 

Main theorem 1.1.2. Let C be a bounded cochain complex of finitely gen- 
erated free L-modules. Then the following two statements are equivalent: 

(a) The complex C is R-finitely dominated, i.e., C is homotopy equiva- 
lent, as an R-module cochain complex, to a bounded cochain complex 
of finitely generated projective R-modules. 

(b) The eight cochain complexes listed below are acyclic ( all tensor products 
taken over L ): 

C®R[x,x- l ]iy)) CQRfax-^ty- 1 )) 1 

C®R[y, y-^ix)) C ® R[y , y'^ix' 1 )) J 

C®R{{x,y)) C®R((x-\ y- 1 )) 

C^Rdx^- 1 )) C®R((x-\y)) 

The proofs of the two implications are quite different in nature. We 
will establish (jaj) => fb]) in Corollaries IIII.4.2I and IIII.8.1I with tools from 
homological algebra of multi-complexes, generalising techniques used by the 
first author in [Hiitllj . while the reverse implication is treated in £ jIV.6l bv a 
homotopy theoretic argument, ultimately generalising one half of the proof 
of |Kan95l Theorem 2]. 

1.2. Relation with ^-invariants 

It might be worth to explain how our results are related to the so-called 
^-invariants in the spirit of Bieri, Neumann and Strebel. Let G be 

a group. For every character x '■ G R to the additive group of the 

reals we have a monoid G x = {g € G\x(g) > 0}. Now suppose C is a 
non-negatively indexed chain complex of Z[G]-modules. Then C has, by 
restriction of scalars, the structure of a Z[G x ]-module chain complex. Fol- 
lowing Farber et.al. one defines I X IS II). Definition 9] the mth S-invariant 
of C as 

S m (C) = { X ^0\C has finite m-type over Z[G X ]}/R+ . 

So E m (C) is a quotient of the set of non-trivial x f° r which there is a chain 
complex C consisting of finitely generated projective Z[G x ]-modules, and 

a Z[G x ]-linear chain map /: C ► C with /j : iJj(C) Hi{C) an 

isomorphism for i < m and an epimorphism for i = m. Two different 
characters are identified in the quotient if, and only if, they are positive real 
multiples of each other. 

Theorem 1.2.1 ([FGS10, Corollary 4]). Suppose that C consists of finitely 
generated free Z[G]-modules, and is such that C% = for i > m. Let N be a 
normal subgroup of G with ABELian quotient G/N. Then the Z[N]-module 
complex C is chain homotopy equivalent to a bounded chain complex of 
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finitely generated projective Z[N] -modules concentrated in degrees < m if 
and only if T,(C) contains the equivalence class of every non-trivial charac- 
ter of G that factorises through G/N (i.e., whose kernel contains N). □ 

Note that the set of equivalence classes of non-trivial characters which 
are trivial on N represents a sphere in the set of equivalence classes of all 
non-trivial characters. 

An explicit link to Novikov homology has been documented by Schutz. 
For a character \ '■ G R we define the Novikov ring 

RG x = [f:G -i?|VtGM: #(supp(/)nx" 1 ([t,oo[)) < 00} , 

equipped with the usual involution product; here supp(/) = f^ 1 (R \ {0}). 
Note that R[G] is a subring of RG X . 

Theorem 1.2.2 (Schutz |Sch06t Theorem 4.7]). Let C be a bounded chain 
complex of finitely generated free R[G]-modules. Suppose that N is a normal 
subgroup of G with quotient G/N = Z fc a free ABELmn group of finite rank. 
The complex C is R[N]-finitely dominated if and only if for every character 
X '■ G ►■ M which is trivial on N the complex C <S>_r[g] RG x is acyclic. □ 

In these terms, our main result Theorem II. 1 .21 concerns the case of a split 
group extension 

1 * N * N x Z 2 * Z 2 * 

(with the translation R = Z[N] and L = Z[N x Z 2 ] ^ R[x, x' 1 , y, y" 1 ]), 
or indeed the case G = Z 2 and N = 0. The sphere which characterises 
finite domination of C according to Theorem II. 2 . 11 is homeomorphic to a 
circle S 1 . In our approach, it is replaced by the boundary of a square in M 2 ; 
its geometry and combinatorics encode algebraic information that lead to 
our new set of homological conditions characterising finite domination. 

1.3. Algebraic examples 

Let us work over the ring R = 7L for simplicity. We omit the verification 
of the following purely algebraic facts: 

Lemma 1.3.1. (a) The ring Z((x, y)) is a unique factorisation domain. An 
element ofZ((x, y)) is a unit if and only if it is a product of a monomial 
x k y l (for some k,£ € Zj with a unit in Z[[x,y]] (i.e., a power series 
having the constant term ±1). 

(b) The ring Z[x, x _1 ]((?/)) is a unique factorisation domain. An element 
of Z[x, x -1 ] ((g)) is a unit if and only if it is a product of a monomial y e 
(for some £ G Zj with a unit in Z[x, (i.e., a power series with 
y° having coefficient ±x k for some k € Zj. □ 

Example 1.3.2. Let \x G Z[x, x , y, y ]. The two-step cochain complex C 
given by 

. . . ► ► Z[x, aT 1 , y, y' 1 } Z[x, x~ l , y, y~ l ) . . . 

is Z-finitely dominated if and only if fj, is a Laurent monomial with coeffi- 
cient ±1 (that is, is a unit). 
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Proof. The case /it = is trivial. Otherwise, C is Z-finitely dominated if 
and only if the chain complexes listed in ([Taj) and (jlbj) are acyclic, which 
happens if and only if multiplication by [i is surjective after tensoring with 
the eight rings R[x, x~ 1 ]((t/ ±1 )), R[y, y _1 ]((x ±1 )) and R^x^ 1 , y^)); note 
that injectivity is automatic. This happens if and only if [i becomes a unit 
in all the rings in questions, which happens if and only if [i is a LAURENT 
monomial with coefficient ±1, by Lemma lL3.ll □ 

Example 1.3.3. Let fi = 1 + x(y 2 + x(l + y)) and v = x + y (l + y(l + x 2 )) . 
The non-acyclic cochain complex C with non-trivial part 

7L\x,x~ x ,y,y- x \ 

%\x,x~ x ,y,y~ x \ — l\x,x~ x ,y,y~ l \ 

TL\x,x~ x ,y,y' x \ 

given by 

q = {v\ and P = ( - i/, n) 
is Z-finitely dominated. 

Proof. Up to isomorphism and re-indexing, the cochain complex can be ob- 
tained from the square diagram 

Z[x,x~ l ,y,y~ 1 } — ^* 7\x,x~ x ,y,y~~ x ] 

V V 

Z[x,x~ l ,y,y~ l ] — ^* Z[x,x _1 ,y,y _1 ] 

by taking algebraic mapping cones horizontally (resp., vertically) first, and 
then taking the mapping cone of the resulting vertical (resp., horizontal) 
map. Using Lemma II.3.1I we see that the map \i becomes an isomorphism 
after tensoring (over Z[x, x~ l , y, y^ 1 ]) with the rings Z((x,y)), Z((x _1 ,y)), 
Z[x, £ -1 ]((y -1 )), and Z[y, y _1 ]((x)), while v becomes an isomorphism after 
tensoring with any of the rings Z((x,y -1 )), Z((x _1 , y^ 1 )), Z[x, x _1 ]((y)), and 
Z[y, y _1 ]((x -1 )). Consequently in all cases one of the two ways to compute C 
via iterated mapping cones will produce a map of acyclic complexes after the 
first step, rendering the complex C acyclic as well. The claim now follows 
from the Main Theorem. □ 

1.4. Finitely dominated covering spaces 

Proposition 1.4.1. Let X be a connected finite CW complex with universal 
covering space X and fundamental group iriX = G x Z 2 for some group G. 

LetY «- X be the covering determined by the projection tt\X Z 2 , and 

let C denote the cochain complex which is, up to the re-indexing C k = C_fc, 
the cellular 7L\k\X\- free chain complex of X . Then Y is a finitely dominated 
space (i.e., is a retract up to homotopy of a finite CW -complex) if and only 
if all the complexes listed in (jlap and (jlbj) are acyclic. 

Proof. A connected CW complex Z is finitely dominated if and only if tt\ Z 
is finitely presented, and the cellular chain complex of the universal covering 
space of Z is homotopy equivalent to a bounded complex of finitely generated 
projective Z[-7TiZ] -modules, cf. |Ran95j §3]. 
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We apply this criterion to the space Z = Y, noting that tt\Y = G, and 
that X is the universal covering space of Y. Since X is a finite CW complex, 
its fundamental group GxZ 2 is finitely presented; consequently, its retract G 
is finitely presented as well [Wal65, Lemma 1.3]. 

We identify the rings Z[G x Z 2 ] and Z[G][x, x , y, y~ l ] by saying that 
first and second unit vector in Z 2 correspond to the indeterminates x and y, 
respectively. Since G is finitely presented, it is enough to show that the 
cochain complex C is Z[G]-finitely dominated, which can be detected coho- 
mologically by the Main Theorem applied to the complex C and the ring 
R = Z[G\. □ 

Example 1.4.2. Let Yq be the real plane M. 2 , considered as a CW com- 
plex with 0-cells the integral points, 1-cells joining vertically or horizontally 
adjacent 0-cells, and 2-cells the integral unit squares. The group Z 2 acts 
evenljQ by translation. By suitably attaching Z 2 -indexed collections of cells 
of dimensions 4, 5 and 6 we obtain a simply-connected space Y with an even 
action of Z 2 such that its cellular cochain complex is 

• the cellular complex of M 2 in chain levels 0, 1 and 2; 

• the chain complex of Example II. 3. 3 1 in chain levels 4, 5 and 6; 

• trivial otherwise. 

Let X = Y/7?; the projection map Y X is the universal cover, and 

-K\X = Z 2 . It follows from Example II. 3. 31 and Proposition IL4.il that Y is a 
finitely dominated CW complex. 



Part II. Conventions. Multi-complexes 

Throughout the paper we let R denote a unital associative ring (possibly 
non-commutative). Modules will be tacitly understood to be unital right 
modules, unless a different convention is specified. We will use cochain 
complexes of -R-modules, or of modules over a ring related to R; that is, our 
differentials increase the degree. 



ILL Lower triangular cochain complexes 

Definition II. 1.1. Let n > 1. A lower n-triangular cochain complex con- 
sists of a cochain complex C and for each q G Z a module isomorphism 
cj) q : C q = ©p =1 C p,q such that for each q the composition di t k 



p=l p=l 

is the zero map whenever n > k > £ > 1. 



An even action is, by definition, a free and properly discontinuous action. 
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In other words, under the isomorphisms (j) q the differential of C becomes 
a lower triangular matrix of the form 



D 



( dl,l 











\ 


d,2,i 


d.2,2 













d-3,2 


ds,3 



















dn-1,1 


dn-1,2 






d n -l,n-l 




dn,2 






dn,n—l d n ^ n J 



with de,k ■ C h ' q C e ' q+1 satisfying D o D = 0. We have dfc,fc ° d fcjfc = 

for 1 < k < n so that C fe '* is a cochain complex with differential dk,k ■ 

Definition II. 1.2. Let C and D be lower n-triangular cochain complexes, 

with structure isomorphisms <j) q and ip q , respectively. A map f: C ► D 

of lower triangular cochain complexes is a map of cochain complexes / such 
that the composition ff^ 



0C" 

P =i 



c q 



f 



D q 



0D M 

p=l 



is the zero map whenever n > k > £ > 1. 

In other words, under the isomorphisms </> g and V'g the map / becomes a 
lower triangular matrix of the form 



( fn 

hi h,2 o o 

/3,1 /3,2 /3,3 



/n-1,1 /n-1,2 
\ /n,l /n,2 



\ 





/n-l,n-l 
fn,n—l fn,n J 



with /^ jfe : C fc ' 9 ► C^' 9 . Then / fcjfc is a cochain map from C k '* to D k '*. 



Lemma II. 1.3. Lei /: C 



D be a map of lower n-triangular cochain 



complexes. Suppose that, in the notation used above, the maps 



fk,k- c 



k,* 



D 



k,* 



(1 < k < n) 



are quasi-isomorphisms of cochain complexes. Then f is a quasi-isomor- 
phism. 



Proof. The Lemma is a tautology for n = 1. 
cochain complex C(k) by setting 



For 1 < k < n define a 



C(k) q = 0C M , 

p=k 
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equipped with differential 



/ dk,k 
dk+l,k 
dk+2,k 



d n -l,k 
dn,k 





dk+i,k+i 

dk+2,k+l 

d n -l,k+l 
d n ,k+l 






dk+2,k+2 









o \ 





dn—l,n—l 
dn,n—l 



dr. 



(this is the lower right-hand part of the matrix D above). We note that 
C(k + 1) is a subcomplex of C(k), and that the quotient C(k)/C(k + 1) is 
nothing but C k '*. Clearly C(n) = C n '*, and C(l) is isomorphic to C via the 
structure isomorphisms (p q . 

We define the analogous objects D(k) associated to the cochain com- 
plex D; the remarks on the C(fc) apply mutatis mutandis. 

The map / (or rather, its matrix representation F) restricts to cochain 

complex maps f(k): C{k) ► D(k), with /(n) = and /(l) being 

isomorphic to /. The maps f(k) fit into commutative ladder diagrams 







C(k + 1) 



C(k) 



c 



fc,* 







f(k + l) 



/(*) 







D(k + 1) 



D(k) 



D 



k,* 







for 1 < k < n, inducing a ladder diagram of long exact cohomology sequences 
as usual. Using the Five Lemma, and the fact that the fk,k are known to 
be quasi- isomorphisms by hypothesis, we conclude in turn that the maps 
f(n — 1), f(n — 2), • • • , /(l) = / are quasi-isomorphisms, thereby proving 
the Lemma. □ 

II. 2. Double complexes 

A double complex D*'* isaZx Z-indexed collection (D p,q ^j of right 
-R-modules together with "horizontal" and "vertical" differentials 

d h : D p 'i D p+1 > q and d v : D p ' q D p > q+1 

which satisfy the conditions 

4 o 4 = , d v o d v = , dh ° d v + d v o d^ = . 

Note that the differentials anti-commute. We will in general consider un- 
bounded double complexes so that D VA / may occur for \p\ and \q\ arbi- 
trarily large. 

Definition II. 2.1. Let D*'* be a double complex. We define its direct sum 
totalisation to be the cochain complex Tot D*'* which in cochain level n is 
given by the direct sum 

(Tot £>*'*)" = 0D P «; 

v 

the differential is given by dh + d v , where dh and d v are the "horizontal" and 
"vertical" differentials of D*>* respectively. 
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We will make use of the following standard result when comparing double 
complexes and the direct sum totalisation of each. 

Lemma II. 2. 2. Let h: D*'* ► E*'* be a map of double complexes which 

are concentrated in finitely many columns. If h is a quasi-isomorphism on 
each column or on each row, then the induced map 

Tet(Ti): Tet-D*-* ► Tot£*'* 

is a quasi-isomorphism. 

Proof. Let us first deal with the case that h is a quasi-isomorphism on each 
column. Note that Tot D*'* and Tot E*'* can be given the structure of lower 
n-triangular complexes in the sense of Definition III. 1 . 1 1 for the same n, 
such that Tot (h) is a map of lower triangular complexes in the sense of 
Definition III. 1.21 In more detail, let us assume that D*>* and E*'* are 
concentrated in columns 1 to n, for ease of indexing. Then (TotZ)*'*) 9 = 
(J)p=i D p ' q ~ p so that C = Tot D*'* has the lower triangular decomposition 

n 

C q = C p,q where C p ' q = D p ' p ~ q . 
P =i 

A similar decomposition can be defined for T®tE*'*. The hypothesis that 
h is a quasi-isomorphism on each column translates into the hypothesis of 
Lemma III. 1.31 which thus implies that Tot (h) is a quasi-isomorphism as 
claimed. 

If h is a quasi-isomorphism on each row we can apply the same reasoning 
with the roles of rows and columns reversed, provided our original complex is 
bounded in the vertical direction as well. In the general case, one can appeal 
to a spectral sequence argument. More precisely, "filtration by rows" gives 
rise to a convergent spectral sequence 

El'* = H V (D*'*) => H*(T@tD*'*) , 

and similarly for the bicomplex E*'*; the map / induces a map of spectral 
sequences which is an isomorphism on £^ 1 -terms, and thus induces a quasi- 
isomorphism on abutments as claimed. □ 

Lemma II. 2. 3. Suppose that the double complex E*'* is concentrated in the 
first quadrant (that is, suppose that E p ' q = if p < or q < 0). Suppose 
further that we are given a cochain complex C with C q = if q < 0, and 
maps h q : C q ► E 0,q such that for each q > the sequence 

C q E°' q E l,q E 2 ' q ► • • • 

is exact (i.e., is an acyclic cochain complex), and such that the composites 

C q E°' q E°' q+1 and C q C q+1 E°' q+1 

agree up to sign. Then there is a quasi-isomorphism 

C ► Tot £"*'* 

induced by the h q . 

Proof. The proof given by Bott and Tu [BT82, p. 97] applies to the current 
situation; see the remark following Proposition 8.8 of loc.cit.. □ 
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II. 3. Triple complexes 

Definition II. 3.1. A triple complex T*'*'* is a Z 3 -indexed family of modules 
T x,v,z together with three anti-commuting differentials 

^ . r j ,x t y> z ^ r p xJ r^^y^ z ^ . r £ x ^y-, z ^ r j ,x >y J t-i, z ^ . r £ x -,y^ z r j ,x ,y^ zJ r^ 

"Anti-commuting" means that the differentials satisfy didj = (5{j — l)djdi. 
The direct sum totalisation TotT*'*'* is the cochain complex with 
(T©tT*'*'*) n = T x ' y ' z 

x+y+z=n 

and differential d = d x + d y + d z . We use the same notation as for the direct 
sum totalisation of double complexes. 

Definition II. 3. 2. For a triple complex T*'*>* we denote by Tot x>y T*'*'* 
the partial totalisation of T*'*'* with respect to x and y. We define this to 
be the double complex given by 

(Tot^T*'*'*) M = T x ^ 

x+y=p 

with "horizontal" differential dh = d x +d y and "vertical" differential d v = d z . 

It is easy to verify that 

Tot (Tot^T*'*'*) = TotT*'*'* , 

where Tot denotes the direct sum totalisation of either a double or a triple 
complex as determined by context. 

Lemma II. 3. 3. Let f : T*'*>* » U*'*>* be a map of triple complexes 

concentrated in a finite cubical region of Z 3 . Suppose that f is a quasi- 
isomorphism of all cochain complexes in z-direction (resp., in y -direction, 
resp., in x-direction), that is, suppose that 

f: T x,y '* ► U x ' v '* (resp., T x ^ z - U x >*' z , resp., T* ,y,z U*' y ' z ) 

is a quasi-isomorphism for all x,y £ Z (resp., all x,z G Z, resp., all y,z G 
7L). Then 

Tot(/): TotT*'*-* * TotC/*'*'* 

is a quasi-isomorphism. 

Proof. If / : T x ' y '* ► JJ x ' y '* is a quasi-isomorphism for all x, y £ Z, then 

Tota; i2/ (/): Tot Xt yT*'*'* - Tot x ,yU*'*'* is a map of double complexes sat- 
isfying the hypotheses of Lemma III. 2, 21 Consequently, 

T©t(/) = Tot Tot^. 2,(7): TotT*'*'* - Tot U*>*>* 

is a quasi-isomorphism. - The other cases can be proved in a similar 
manner. □ 
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Part III. Finite domination implies acyclicity 

III.l. Truncated products. One variable 

Let R be a ring with unit, and let z be an indeterminate. We have obvious 
.R-module isomorphisms 

N Z N 

mapping rz k to the element r of the kth summand or factor on the right. 
Using these isomorphisms, we may write elements of these infinite sums 
or products as polynomials, Laurent polynomials and formal power series 
in z, respectively. Similarly, a formal Laurent power series in z (involving 
finitely many negative powers of z) corresponds to an element of a "truncated 
product" via the obvious i?-module isomorphism 

RMWz-^^^r^Wr. 

i<0 i>0 

This ring is known as a NOVIKOV ring, as is its counterpart with z~ L in 
place of z; we reserve the notation 

R((z)) = R[[z))[z- 1 ) and Riz' 1 )) = RW^M . 

There is a module theoretic version corresponding to the construction of 
the NOVIKOV ring R((z)). Given a Z-indexed family of modules Mj we define 
the left truncated product to be the module 

h n M * = M * © U M i ; 

i i<0 i>0 

the elements of this truncated product will be written as formal Laurent 
series J2i>k m i z% w tth mi G M; L . We let M((zJ) denote the module of formal 
Laurent series with coefficients in M, 

M((z)) = ^ JJ M = { m iz l | k £ Z, nii £ m} . 

i>k 

Note that M((z)) carries a canonical _R((z))-module structure described by 
z-J2i>k m i z% = J2i>k m iZ t+1 - — Dually we define the right truncated product 
to be the module 

H It M i = l[M t © 0M, 

i i<0 i>0 

of formal Laurent series which are finite to the right, and define M((z~ 1 )) 
by setting 

M{[z- 1 )) =Y[ Tt M= ^^m i z i \k£'L, rrij € m| . 

i<k 

The module M((z -1 )) carries an obvious R((z~ 1 ))-module structure described 

b y z ^ ■ J2i<k m i zl = Y,i<k m i zl ~ l - 
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Lemma III. 1.1. Suppose that M is a finitely presented right R-module. 
There is a natural isomorphism of R((z)) -modules 

M®R((z)) M((z)) , m^^riz 1 i-> ^mriZ 1 , 

i>k i>k 

and a similar isomorphism ^m'- M R^z^ 1 )) >• M((z -1 )). 

Proof. The proof is standard, details can be found, for example, in jHiit 1 1 1, 
Lemma 2.1]. One establishes the result for finitely generated free i?-modules 
first, and then passes to the general case by considering a two-step resolution 
of M by finitely generated free modules. □ 

III. 2. Truncated product totalisation of double complexes 

We will consider non-standard totalisation functors for double complexes 
formed by using truncated products; this technology has been used in |Hiitllj 
to analyse Novikov cohomology of algebraic mapping tori. We begin by 
recalling some definitions and results useful for our present purposes; later 
we will extend these ideas to Laurent rings with two variables. 

Definition III. 2.1. Let D*'* be a double complex. We define its left trun- 
cated totalisation to be the cochain complex ^Tot D*'* which in cochain 
level n is given by the left truncated product 

( h Tot D*'*) n = tt Jj£)P> n -f ; 

p 

the differential d is induced in an obvious way by the horizontal differential 

d h : DP'i DP +1 >t and the vertical differential d v : D p > q DP.fl+l : 

the component mapping into the pth factor of ( l1: Tot " + is the sum of 
the horizontal differential coming from the (p - l)st factor of ( h Tot D*>*) n , 
and the vertical differential coming from the pth factor of ( l1: Tot _D*'*) n . 
Explicitly, for an element x = X] p >fc a p zP °f ( lt: Tot we have 

d(x) = ^2 {dh(a p -i) + d v (a p ))z p 

(where we set afe_i = for convenience). 

Dually, we define the right truncated totalisation to be the cochain com- 
plex Tot r D*'* which in cochain level n is given by the right truncated 
product 

(Tot rt D*'*)" = ]J rt Z)P>™-P 

p 

with differential described by 

d-.^apzP^ (d/i(op_i) + d v (a p ))z p . 

p<k p<k+l 

Proposition III.2.2 ( |Berl2l Corollary 6.7], [Hutllj Proposition 1.2]). 

Suppose the double complex D*'* has exact columns. Then lt Tot D*'* is 
acyclic. Dually, if D*'* has exact rows then Tot rt D*'* is acyclic. 
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Proof. This can be proved by an elementary diagram chase, associating to 
each cocycle m in ( lt TotD*'*) n (resp., in (Tot rt D*>*) n ) an element in the 

module ("Tot D*-*)"" 1 (resp., in (Tot rt L>*>*) n_1 ) with coboundary m. De- 
tails can be found in the given references. □ 

III. 3. Algebraic mapping 1-tori 

Definition III. 3.1. Let C be a cochain complex of right -R-modules, and 

let h: C C be a cochain map. The mapping 1-torus T(h) of h is the 

R[z, z ] -module cochain complex 

T(h) = Cone (C © R[z, z~ l ] h ® id ~ id ® z , C ® R[z, z' 1 ]) 
R R 

where the map u z" denotes the self map of R[z, z -1 ] given by multiplication 
by the indeterminate z. 

In this definition "Cone" stands for the algebraic mapping cone; if a map 

of cochain complexes / : X ► Y is considered as a double complex D*'* 

concentrated in columns p = —1,0 with horizontal differential / and the 
differential of X modified by the factor —1, then Cone (/) = T&tD*'*. Ex- 
plicitly, we have Cone (J)™ = X n+l © Y n , and the differential is given by 
the following formula: 

Cone (f) n = X n+1 Y n - X n+2 © Y n+1 = Cone (/) n+1 

(x, j/)h+ ( - d(x), f{x) + d{y)) 

Proposition III. 3. 2. (1) For homotopic maps f,g: C C, the map- 

ping 1-tori T(f) and T(g) are isomorphic. 

(2) Mather trick: For maps f : C ► D and g : D ► C of cochain 

complexes, the mapping 1-tori T(fg) and T(gf) are homotopy equiva- 
lent. 

(3) If C is a bounded above complex of R[z,z ■ \-modules which are pro- 
jective as R-modules, then C and T(z) are homotopy equivalent as 
R[z, z~ 1 ]-module complexes. Here "z" denotes the R-linear self map 
given by multiplication with the indeterminate z, and the mapping 1- 
torus is formed by considering C as an R-module complex. 

Proof. This can be found (using the language of chain complexes rather than 
cochain complexes), for example, in 1 1Q 1 1 [ §2]. □ 

III. 4. Mapping 1-tori and totalisation. Applications 

Let h: C ► C be a self map of a cochain complex C. Observe that by 

additivity of tensor products we have an equality of cochain complexes 

T(h) © R{{z)) = Cone (C © R{{z)) C ® R((z))) . (2) 

R[z,z-' L ] R R 

In the mapping cone on the right we notice that while the cochain modules 
are of the form M <S)r R((z)) the differential is not of the form / (g># id#(( z )) 
for an .R-linear map /; the reason is the presence of the self map id & z which 
"raises the z-degree" , and this cannot happen for maps of the form / <g> id. 

However, if C consists of finitely presented -R-modules we can identify 
the cochain complex C ®rR((z)) with C([z)) by Lemma llll.l.ll and we can 
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further identify the right hand side of (|2|) with ltr Tot (£)*'*) for the following 
bicomplex: 

D p ' q = C p+q+1 © C p+q 

d h : D p ' q ► D p+1 ' q 

(x,y)^(0,-x) I (3) 

d v : D p ' q ► D p ' q+1 

(x, y) ^ ( - dc(x), h(x) + d c (y)) 

Here dc denotes the differential of the complex C. We have dh°dh = 0, and 
the pth column D p '* of D*'* is the pth shift of Cone(/i), with unchanged 
differential, so that d v o d v = 0. Finally, horizontal and vertical differentials 
anti-commute: for a typical element (x, y) € D p,q = C p+q+l © C p+q we have 

da od h (x,y) = d v (0,-x) = (0,d c (-x)) = - (0,d c (x)) 

= -d h ((-d c (x),h(x) + dc(y))) = -d h od v (x,y) . 

To complete the identification we postulate that the pth column of D*'* 
corresponds to the terms with coefficient z p in the formal Laurent series 
notation for the truncated product ltr Tot (D*'*). 

Lemma III.4.1. Suppose that C is a bounded above cochain complex of 
projective right R[x, x^ 1 , y , y~ 1 ]-modules. Suppose further that C is homo- 
topy equivalent, as an R-module complex, to a bounded complex B of finitely 
generated projective right R-modules. Then the induced cochain complex 
C ®R\ x , x -\ v , v -^R[y,y~ l ]{{x)) is acyclic. 



Proof. Let /: C B and g: B >- C be mutually inverse homotopy 

equivalences of i?-module complexes. There are R[y, y~ 1 ]-module homotopy 
equivalences 

C ~ T(y) ~ T(ygf) ~ T(fyg) =: A 

where the symbol "y" denotes the i?-linear self map given by multiplication 
by y, cf. Proposition IIII.3T21 note that all mapping 1-tori here are mapping 
1-tori of ii-linear maps. Now since B is bounded and consists of finitely 
generated projective right i?-modules, the complex A = T(fyg) is bounded 
and consists of finitely generated projective right R[y, y _1 ]-modules. 

Let a : C A and /3 : A C be mutually inverse chain homo- 

topy equivalences of R[y, y _1 ]-module complexes. There are chain homotopy 
equivalences of R[x, x~ l , y, y _1 ]-module complexes 

C ~ T{x) ~ T(x(3a) ~ T(axf3) 

where "x" denotes the R[y, y _1 ]-hnear self map given by multiplication by x, 
cf. Proposition IIII.3.2I applied to the ring R[y, y^ 1 ] instead of R; note that 
all mapping 1-tori here are mapping 1-tori of R[y, y _1 ]-linear maps. 
It follows that the two complexes 

C R[y,y- l ]ix)) and T(ax(3) © R[y, y" 1 ]^)) (4) 
R[x,x~ 1 ,y,y - 1 ] R[x,x~ 1 ,y,y~ 1 ] 

are homotopy equivalent. Moreover, T{axf3) is bounded and consists of 
finitely generated projective R[x, x^ 1 , y, y _1 ]-modules by our results on A. 
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So we can identify the second complex in @ with ^Tot (D*'*) of a certain 
double complex of R[y, y _1 ]-modules. In fact, we are dealing with the bi- 
complex construction given in ([3]) above, working over the ring R[y, y^ 1 ] 
instead of R and applied to the mapping 1-torus 

T{axf3) = Cone (A (g) R[x, aT 1 , y, y' 1 } 

(axp) ® id— id ® x 



C ® R[x,x \y,y *]) . 
Riy^- 1 ] 

Now the map ax/3 : A A is a homotopy equivalence so that its mapping 

cone is acyclic. It follows that the columns of D*'*, which are shifted copies 
of this mapping cone, are exact whence lt Tot (D*'*) is acyclic by Proposi- 
tion IIII.2.2i In view of the homotopy equivalence of the complexes in dU 
this proves the Lemma. □ 

Corollary III. 4. 2. Under the conditions of the Main Theorem part (jaj) ; all 
the cochain complexes listed under (|lap are acyclic. 



Proof. For the complex C ®l R[y , y^ 1 ] this is the content of the previous 
Lemma. By a change of variables, leaving y fixed and replacing x by x~ l 
we get the result for C (&l R[y, y -1 ]^ -1 ))- Finally, by a further change of 
variables swapping x and y we cover the remaining two cases. □ 

Remark III. 4. 3. The change of variables x i— > x^ 1 , y i— > y executed in the 
proof can be avoided by using right truncated totalisations, and by changing 
the definition of the mapping torus to involve idtgiz -1 rather than id<S>z. 



III. 5. Truncated products. Two variables 

For a ring R we define the Novikov ring R((x,y)) = R[[x, y]] [{xy)^ 1 ] to 
be the ring of those formal Laurent power series / in two variables which 
have the property that for some £ > we have x y f 6 R[[x, y]]. That is, 

R((x, y)) = | ^2 a P,q xP y q \ k€Z, a p , q G i?} , 

p,q>k 

equipped with the obvious multiplication of power series. 

There is a related module theoretic construction, to be described next. 

Definition III. 5.1. Let Mj & be a Z x Z-indexed family of -R-modules. We 
define their truncated product (more precisely, their below- and-left truncated 
product) by 

mJI M A* = { Yl m P>i xP y q I fc G Z > a P:q G M m } C Yl M m , 
j,k p,q>k p,q&- 

and write 

M((x,y)) = u J[M . 

j,k 



Note that M((x, y)) has an obvious R((x, y))-module structure given by 
'multiplication of LAURENT series". 
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Lemma III. 5. 2. Suppose that M is a finitely presented right R-module. 
There is a natural isomorphism 

M®R{{x,y)) — M{{x,y)) , 
R 

m <s> r j,k x ~'y k ^ ^2 mr j,k x ^y k ■ 

j,k>£ j,k>£ 
Proof. This is similar to Lemma IlII.l.ll We omit the details. □ 

III. 6. Below and left truncated totalisation of triple 

COMPLEXES 

Let D*'*>* be a triple complex, cf. §11.31 To it we associate its below- 
and-left truncated totalisation, denoted bit Tot (£)*>*'*); this is the cochain 
complex given by 

(bit Tot £>*'*'*) n = Y[D x > y > n ~ x - y 

x,y 

with differential d = d x + d y + d z . Explicitly, 

d: m p,g xP y q ^ {dx(mp-i,q) + dy{m P;q -i) + d x (m P!q ))x p y q 

p,q>k ViQi^k 

where m P n = if p < k or q < k. 

Proposition III. 6.1. Suppose the triple complex £)*>*>* is exact in z-direc- 
tion; that is, suppose that the chain complexes D x ' y '* are acyclic for all 
x,y € Z. Then bit Tot (£>*>*>*) is acyclic. 

Proof. This is elementary: we prove directly that any cocycle in the totali- 
sation is a coboundary. Let m = J2 P q >k m p,q xP y q ^ (bit Tot £)*>*>*) n be such 
that d(m) = 0. By definition of d this means that d z (m k k ) = 0; by exactness 
in z-direction we find an element b kk £ ]jk,k,n—l-2k w j^jj d z (b k>k ) = m kk . 
Now iteratively for £ = 1,2,3, ••• we note that 

d z {mk+t,k — d x (bk+e-i,k)) = d z (m k+ ^ k ) + d x d z (b k+ ^\^ k ) 

= d z (m k+itk ) + d x (m k+ i-i >k ) = , 

using that d x d z = —d z d x and d(m) = 0. By exactness in z-direction we find 
h+e,k with d z (b k +e,k) = m k+f ^ k - d x (b k +e-i,k) so that 

d x (bk+e-i,k) + d z (bk+e,k) = m-k+e^ ■ 
Similarly, we note that 

d z (m kjk+ e — dy(bk t k+e-i)) = d z (m k)k+ p) + d y d z (bk,k+e-i) 

= d z (m k)k+i ) + d y (m k , k+ i>-i) = , 

using that d y d z = —d z d y and d{m) = 0. By exactness in z-direction we find 
bk,k+e with d z (b kjk+i ) = m kjk+e - d y {b kyk+l _i) so that 

d y {b k)k +i-i) + d z (b kk+e ) = m k)k+ i . 

So far we have constructed elements of the form b k * and b* k , and proceed 
now to iterate the construction for j = k + 1, k + 2, • • ■ as follows. First, 



FINITE DOMINATION AND NOVIKOV RINGS. TWO VARIABLES 



17 



d(m) = implies that d x (mj-ij) + d y (mj t j-i) +d z (rrijj) = 0. By construc- 
tion of the previous b p>q we have rrij-ij = d x (bj-2,j)+d y (bj-ij-i)+d z (bj-ij) 
so that 

rfx(mj-ij) = dxdyibj-ij-x) - d z d x (bj- hj ) 
and, in the same way, 

d y( m j,j-i) = -dxdyibj-ij-!) - d z d y (b jd -!) 
which together results in 

d z (m jtj - d x (6j_i,i) - dyibjj-!)) = . 

(We have used the usual convention that b Ptq = if p < k or q < k.) 
By exactness in z-direction there is bjj with d z (bjj) = rrijj — d x {bj-\^\) — 
d y (bjj-i) or, re-arranged, 



dxibj-xj) + dyibjj-!) + d z (bj,j) 



m 



1,3 ■ 



Still keeping j fixed, we now iterate over I = 1, 2, • • ■ by observing that 
d z (m j+ej - dxibj+t-ij) - dy(b j+ tj-i)) = 

so we find b j+ £j with d z (b j+ £ tj ) = m j+ £ tj - d x (bj+e-ij) - d y (b j+ £ tj -i) or, 
re- arranged, 

d x {bj+e-i,j) + d y (bj + £j-i) +d z (bj + £j) = rrij+ej . 

Again, for the same j we find in a similar manner an element bjj+£ with 

d x (bj- ljj+ £) + dy(bjj + e-i) + d z (b jd+ £) = m jtj+ £ . 

This finishes both iterations. It remains to observe that, by construction, 
we have shown that 



d {^2 b p,i xP y q ) = m P,g xP y q = m 

p,q>k P,1>k 

so that m is a coboundary as claimed. □ 



III. 7. The mapping 2-torus 

Suppose we have a cochain complex C of i?-modules with differential de- 
noted dc, and two self maps f,g:C ► C which commute up to homotopy. 

Suppose moreover we are given a specific choice of homotopy H : fg ~ gf 
such that dcH + Hdc = fg — gf- To such data we associate a cochain 
complex of R[x, x^ 1 , y, y _1 ]-modules, the mapping 2-torus T(f,g;H). The 
module in degree n is the direct sum 

T(f, g; H) n = C n+2 ® R[x, x~\ y, y' 1 ] © {C n+1 ® R[x, x~\ y, y' 1 } 
R R 

®C n+1 ®R[x, x~\ y, y- 1 }) © C n ®R[x, x~\ y, y' 1 } , 
R R 

(5) 
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and the coboundary map d-r: T(f,g;H) n ► T(/, g; H) n+1 is given by 

the following matrix: 

/ d c ® id \ 

-(5® id - id®x) -d c ®id 

/ ® id - id ® y -de® id 

\ H ® id / ® id - id ® y g ® id - id ® x d c ® id/ 



(6) 



By construction, T(f, g; H) is a lower 4-triangular complex in the sense of 
Definition 111X11 

Remark III. 7.1. If fg = gf we may choose H = 0, and the mapping 
2-torus T(f, g; 0) is nothing but the total complex of the following twofold 
cochain complex concentrated in columns —2, —1 and 0: 

C®R\x, x' 1 , y, y- 1 } 

R a 

C^Rlx.x-^y.y- 1 ]^ © -1+ C ® R[x, x~\ y, y' 1 } (7) 

C®R[x,x- l ,y,y- 1 ] 

R 

Here the maps a and f3 are given by the matrices 

f-(g ®id - id®x)\ , 
a= { }®id-id®/J and 

/3 = (/ ® id - id <8> y , 5 ® id - id ® x) . 

(This twofold cochain complex features commuting differentials and thus 
should be converted to a double complex by changing the "vertical" differ- 
ential coming from C in the middle summand by a sign.) 

Properties of the mapping 2-torus. For later applications we need 
to record that the mapping 2-torus has properties analogous to those of the 
mapping 1-torus of §111.31 We keep the notation from above. 

Theorem III. 7. 2. (1) Suppose that the maps f and g commute, and sup- 
pose that we are given a self map h : C C together with a homotopy 

A : h ~ id so that dcA + Adc = h — id. Then h(fAg — gAf) is a homo- 
topy from (hf)(hg) to (hg)(hf), and the matrix 

( /i®id 0\ 

-hgA®\& /i®id 



hfA®id /i®id 

\h(fAg - gAf) A <g> id -hf A® id -hgA® id ft,® id/ 



defines a quasi-isomorphism 

$ : T(f, g; 0) » T(hf, hg; h(fAg - gAf)) . 

If C is a bounded above complex of projective modules over R then 
T(f,g;0) and T{hf \hg;h(f Ag — gAf)) are homotopy equivalent. 
(2) Suppose that the maps f and g commute as before. Given cochain maps 

a : B C and (3 : C B and a homotopy A : a/3 ~ id so that 

dcA + Adc = a/3 — id, the composite map (3(fAg — gAf)a is a homotopy 
from (fifa)(/3ga) to (f3ga)(/3fa), the composite map a(3(fAg — gAf) is 
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a homotopy from (a(3f)(af3g) to (a/3g)(a/3f), and the diagonal matrix 
with entries a on the main diagonal defines a cochain map 

a*:T{f3fa,Pga;P(fAg-gAf)a) 

> T(aPf, aPg; afi{f Ag - gAf)) . 

If a is a quasi-isomorphism so is a*. If in addition B and C are bounded 
above complexes of projective R-modules then a* is a homotopy equiva- 
lence. 

(3) If C is actually a complex of R[x, y, y~ l ]-modules, then there is an 

R[x, x -1 , y, y~ x \-linear quasi-isomorphism T(y,x;0) ► C. If C is 

a bounded above complex of projective modules over the Laurent ring 
R[x, x -1 , y, y~ 1 ] then C and T(y,x;0) are homotopy equivalent. 

Proof. (HJ) First we calculate 

dch(fAg-gAf) + h(fAg-gAf)d c = hf{d c A+Adc)g-hg{dcA + Ad c )f 

= hf(h - id)g - hg(h - id)/ = hfhg - hghf 

(recall that fg = gf) so that h(fAg — gAf) is a homotopy from (hf)(hg) 
to (hg)(hf) as claimed. Next, we need to check that $ defines a cochain 
map. Let dj- denote the differential of T[hf, hg; h{fAg — gAf)) ; it is given 
by a matrix similar to © with / and g replaced by hf and hg, respectively, 
and the homotopy H replaced by h(fAg — gAf). We need to verify that 
c?7-$ = <&d-j-- The calculation is tedious but straightforward; we concentrate 
on the first entry in the fourth row of the product, leaving the others as 
exercises to the reader. In the case at hand we have to show that the two 
sums 

($d r ) 4 ! = Hf A 9 ~ 9 A f) A dc ® id + hf Ag (g> id - hf A <g> x 

-hgAf ® id + hgA <g> y 

on the one hand, and 

(dr$) 1 4 = HfAg - gAf)h <g> id - hfhg A ® id + hgA ® y 

+hghf'A (g> id - hf A <g> x + d c h(fAg - gAf) A <g> id 

on the other hand, are equal. By cancelling equal terms and re-arranging, 
remembering that /, g and h commute with dc, this amounts to verifying 
the equality 

hfAgAdc - hfdcAgA + hgd c AfA - hgAf Ad c 

= hgAf - hfAg - hfhg A + hghf A + hfAgh - hgAfh . 
Since / and g are cochain maps we can now add the zero-term 
hfA(gd c - d c g)A + hgA(d c f - fd c )A 

on the left hand side, and collect terms on the right, to get the equivalent 
equation 

hfAg(Ad c + d c A) - hf(Ad c + d c A)gA 

+ hg(d c A + Ad c )fA - hgAf {Ad c + d c A) 

= hfAg(h - id) - hgAf(h - id) - (hfhg - hghf)A 
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which is satisfied since Ada + dcA = h — id and fg = gf. 

Now <]? is a lower triangular matrix which has quasi-isomorphisms on its 
diagonal, and both the differentials dj- and dj are lower triangular as well. 
It follows from Lemma 111.1,31 that $ is a quasi-isomorphism. - If C is 
a bounded above complex of projective i?-modules, then both source and 
target of <E> are bounded above complexes of projective R[x, x~ l , y, y^ 1 ]- 
modules, and it is well known that a quasi-isomorphism of such complexes 
must be a homotopy equivalence. 

(J2D This is similar to the proof of part ([T]). We omit the details. 

d2|) Abbreviate R[x, y, y~ l ] by L. The map 

7 : C <g> L » C , z®p^>- zp 

R 

induces a cochain complex map T(y, x; 0) ► C. To show that this is a 

quasi-isomorphism it is enough to verify that its mapping cone is acyclic; but 
this mapping cone is, up to isomorphism, the total complex of the double 
complex 

C®L 
R „ 

R ^~ T Ft 

R 

with C sitting in column p = 1, cf. (|11|) . so that it is sufficient (using 
Lemma III. 2. 2ft to demonstrate that this double complex has exact rows. 

Since L is a free -R-module, an element z G C ®r L can be expressed 
uniquely as 

z = rriij <g) x l y j , 
i,jez 

with rriij = for almost all pairs We say that z has x-amplitude in 

the interval [a,b] if m^j = for i ^ [a, b], and that z has y -amplitude in 
the interval [a, b] if rriij = for j £ [a, b]. The support of z is the set of all 
pairs with mij ^ 0. 

To show that a is injective we note that 



a(z) 



f ^2 i m i,j x ® X% V^ ~ m i,j ® x l+1 y^ \ 
( - m i,jU <3> x 4 !/- 7 + m-jj <g) 



\ijez / 
so a(z) = implies in particular 

rriijx — rrn-ij = (8) 

for all pairs The support of z, if non-empty, is well ordered by the 

order < (k,l) whenever j < /, or j = I and i < k. When is 

the element of the support which is minimal with respect to this order we 
have mij ^ 0, by definition of support, and nii-ij = 0. Using ([8]) we have 
niijx = 0, and since x is a non zero divisor we arrive at the contradiction 
rriij = 0. We conclude that a(z) = forces z = 0. 

To show that ima = ker f3 we will take an element (21,22) of ker/3 and 
show that it can be reduced to by subtracting a sequence of elements of 
ima C ker/3. This clearly implies that (21,22) £ ima as required. 
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So let (21,22) G ker/3, where 



zi = m i,j ® X% V^ an d %2 = njj ® x l yi 



E 



Choose integers a < 6 such that both zi and 22 have x-amplitude in [a, 6]. 
If a < 6, we define 



= E 



m 6 <8) x b V G C® L 

and set (z^, z 2 ) = (zi, 22) + a(u). Then z[ has x-amplitude in [a, 6 — 1] while 
the x-amplitude of z' 2 is in [a, b]. The element (zj, z 2 ) will be in ima if and 
only if (zi, Z2) € ima. 

By iteration, we may thus assume that our initial pair (z±, z-i) is such that 
the x-amplitude of z\ is in {a} = [a, a], and Z2 has x-amplitude in [a, b] for 
some b > a. Note that then /3((zi,0)) will also have x-amplitude in {a}, 
and that /3((zi, Z2)) will have x-amplitude in [a, 6 + 1]. 

Write (3((zi,z 2 )) = T,^tlT,j& r i,j ® x l y 3 . Then r i+hj = n id for every 
i > a as m i+li f = for any I. Since /3((zi, 22)) = we must have riij = 
r i+i,j = for every i > a, so that in fact z 2 = 0. This in turn implies 
that /3((zi,0)) = so that r a ^ + i = m a ^ — m a ^ + i = 0. If z\ is non-zero, 
we let i be maximal with m a j ^ 0. Then m a ^ + i = and consequently 
= r a ^ + i = m aj e, a contradiction. We conclude that (21,22) = € ima as 
required. 

To show im (3 = ker 7 we proceed in a similar manner. For a given z € ker7 
may be converted, by subtracting elements of im (3, to an element of the form 
m a ,a®x a y a which lies in im/3 if and only if z does. The conversion involves 
a systematic reduction of both the x-amplitude and the y-amplitude; we 
omit the details. Now 7(2) = implies m afi x a y a = ^(m a ^ a ® x a y a ) = 0, and 
since neither x nor y is a zero divisor this gives us m a , a ® x a y a = G im /?. 

Finally, let us remark that 7 is surjective since 7(2? ® 1) = p. □ 

The mapping 2-torus analogue. For later use we record a con- 
struction somewhat similar to the mapping 2-torus. Suppose we have a 
cochain complex C of R- modules with differential denoted dc, and two self 
maps f,g: C ► C which commute up to homotopy. Suppose more- 
over we are given a specific choice of homotopy H : fg ~ gf such that 
dcH + Hdc = fg — gf- To such data we associate a cochain complex of 
i?-modules, the mapping 2-torus analogue A(f,g;H). The module in de- 
gree n is the direct sum 

A(f,g;H) n = C n+2 ® (C n+1 ® C n+1 ) ® C n , (9) 

and the boundary map d A : A(f,g;H) n » A(f,g;H) n+1 is given by the 

matrix 



d A 



(d c 








o\ 


-g 


-d c 








f 





-d c 







/ 


g 


dc) 



(10) 
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Remark III. 7. 3. (a) If fg = gf we may choose H = 0, and the map- 
ping 2-torus analogue A(f, g; 0) is nothing but the total complex of the 
twofold chain complex 

c — cec — c (n) 

concentrated in columns —2, —1 and 0. Here the maps a and f3 are 
given by the matrices 



a 



-g 
f 



and /?=(/, g) . 



(b) Suppose in addition that one of / or g is a quasi-isomorphism. Then 
A(f, <7! 0) is acyclic. For A(f, g; 0) can be obtained by taking iterated 
mapping cones in a commuting square of cochain complexes: 

/ 



C 



c 



c — - — - c 

That is, A(f, g; 0) is isomorphic to the cochain complex obtained by 
applying the algebraic mapping cone functor to the horizontal maps in 
the square first, and then again to the resulting "vertical" map (or, by 
symmetry, with roles of horizontal and vertical exchanged). But the 
mapping cone of a quasi-isomorphism is acyclic, as is the mapping cone 
of a map of acyclic complexes, whence the assertion. 

Lemma III. 7.4. (1) Suppose that the maps f and g commute, and suppose 

that we are given a self map h: C ► C together with a homotopy 

A: h ~ id so that d c A + Ad c = h - id. Then h(fAg - gAf) is a 
homotopy from (hf)(hg) to (hg)(hf), and the matrix 



( h 








o\ 


-hgA 


h 








hfA 





h 





\h(fAg - gAf) A 


-hfA 


-hgA 


h) 



defines a quasi-isomorphism 

A(f, g; 0) * A(hf, hg; h{fAg - gAf)) . 

If C is a bounded above complex of projective modules over R then 
A(f,g;0) and A(hf,hg;h(fAg — gAf)) are homotopy equivalent. 
(2) Suppose that the maps f and g commute as before. Given cochain maps 

a: B C and (3: C >- B and a homotopy A: a(3 ~ id so that 

dcA + Adc = ctfi — id, the map (3(fAg — gAf)a is a homotopy from 
(f3fa)(/3ga) to (f3ga)(/3fa), the map af3(fAg — gAf) is a homotopy 
from (aj3f){af3g) to (a(3g)(af3f), and the diagonal matrix with entries 
a on the diagonal defines a cochain complex map 

a, : A{0fa, (3ga; (3(fAg - gAf)a) 

► A(apf, apg; ap(fAg - gAf)) . 



FINITE DOMINATION AND NOVIKOV RINGS. TWO VARIABLES 23 

If a is a quasi-isomorphism so is a*. If in addition B and C are bounded 
above complexes of projective R-modules then a* is a homotopy equiva- 
lence. 

Proof. This is almost identical to the proof of Theorem IIII.7.21 but slightly 
easier due to the absence of tensor products. We omit the details. □ 

III. 8. Mapping 2-tori and totalisation. Applications 

Now suppose that C is an ^-finitely dominated bounded above cochain 
complex of projective R[x, x~ x , y, ?/ _1 ]-modules. We will prove now that 

C ®R[x,x-\y, y -^}R{{x,y)) is acyclic. 

By our hypothesis there exists a bounded cochain complex B of finitely 
generated projective i?-modules together with mutually inverse homotopy 
equivalences 

a : B > C and (3: C B 

of i?-module cochain complexes. Choose a homotopy A: a/3 ~ idc. By 
Theorem IIII.7.2I there are R[x, y, y _1 ]-linear homotopy equivalences 

C T(y, x; 0) ► T(a/3y, a/3x; a(3(yAx — xAy)) 

« a * T{/3ya, j3xa; /3{yAx — xAy)a) =: Z 

so that C »R[ x , x -\ y<y -i} R{(x,y)) ~ Z ®R[x,x-\ y , y -^ R((x, y)). 
Now note that we have isomorphisms 

B®R[x, x-\ y, y- 1 ] ® R((x,y)) 
R R[x,x- X , y^y- 1 } 

^B®R((x,y))^B((x,y)) , 

R 

the second one being due to the fact that B consists of finitely generated 
projective -R-modules, so that Lemma IIII.5.2I applies. We can thus identify 
the nth cochain module of Z ®R\ x ,x-' i -,y, y- 1 ] R(i x ^y)) with 

B n+ \x, y)) © {B n+1 ((x, y)) © B n+1 ([x, y)) ) © B n ((x, y)) , (12) 

and the differential with the matrix 

/ d B ((x,y)) \ 

-(/3xa((x,yj) - x) -d B ((x,yj) 

f3ya((x,y)) -y -d B {{x,y)) 

\/3(yAx - xAy)a((x,y)) (3ya((x,y)) - y (3xa((x, y)) - x d B ((x,y))J 

(The symbol d B denotes the differential of B. Note that the letter "x" in 
the term j3xa denotes a self map of C, while the symbol x by itself denotes 
a self map of B((x,y)); similarly with y in place of x.) 

This cochain complex arises as the realisation of a triple complex. Indeed, 
for x,y,z € Z let 

rpx,y,z _ gx+y+z+2 ^ gx+y+z+1 ^ j^x+y+z+1 ^ gx+y+z 

and define differentials 

d x : T x ' y,z > x x+1 ' y,z , (r, s, t, u) ^ (0, r, 0, -t) 

d y : T x ' y ' z ► T x ' y+1 > z , (r, s, t, u) ^ (0, 0, -r, -s) 
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as well as 



/ d B 

-j3xa 
/3ya 

V H 



o 

-d B 


(3ya 






-d B 

f3xa 



0\ 



d B J 



rpX,y,Z 



rpx,y,z+l 



where H = f3(yAx — xAy)a. That is, T x ' y '* is A(/3ya, f3xa, H) shifted down 
x + y times. — With these definitions bit Tot (T*>*>*) is precisely the chain 
complex 

Z R(x,y)) 



under the identification made above (|12|). Now the complex A(f3ya, fixa; H) 
is acyclic by Lemma llII.7,4l and Remark lIII.7.31 (jbj); in more detail, we have 
a chain of homotopy equivalences 



A(/3ya, j3xa; H) 



A(af3y, af3x; af3(yAx — xAy)) 



A(y,x;0) 



with the cochain complex on the right being acyclic. We conclude from 



Proposition IIII.67T1 that Z® R i 



R((x, y)) is acyclic. 



Corollary III. 8.1. If C is R-finitely dominated, all four of the chain com- 
plexes listed in (jlb|) of Theorem are acyclic. 

Proof. For C® B R((x,y)) this has just been shown. The other cases follow 
by a "change of coordinates" replacing x by x^ 1 and/or y by y^ 1 . □ 



Part IV. Acyclicity implies finite domination 

We begin by giving a quick proof of the second implication. Suppose 
that the chain complexes listed in (jla[) and (|lbp are acyclic. We will use 
Theorem II. 2. 21 applied to the case G = Z 2 and iV = 0, to conclude that C is 

^-finitely dominated. A non-trivial character x : G M can be identified 

with a non-zero vector \ = ( a i°) £ using the standard inner product 
of M 2 . If x = («>0), for a > 0, then RG X = R[y, y~ l ]((x)) so that acyclicity 
in (fTa|) implies acyclicity of C ®r[g] RG x - The situation is similar for a < 
with RG X = R[y, or for x = (0, b) with b ^ in which case 

R£T X = R[x,x- 1 ]((y sgnb )). 

For x = ( a 7 b) with a, b ^ 0, acyclicity in (jlb|) implies acyclicity of 
C <S>r[g] RG X . For example, if a, b > then RG X contains R((x, y)) so that 

C ® RGZ ^ C7 <8> R((x, y)) ® R&Z ~ 
fl[G] fl[G] «((*,»)) 



as the chain complexes in (|lb|) are actually contractible. In general, for 
o, 6 / we have i?G x D i?((x sgna , y sgnb )), and the argument applies mutatis 
mutandis. 

We will nevertheless give a different and new proof of the implication in 
the remainder of the paper. We eschew the use of controlled algebra and 
inductive arguments in favour of standard homological algebra combined 
with homotopy-theoretic arguments. While not short our proof is concep- 
tually simple, and lends itself to generalisations for Laurent rings with 
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many indeterminate. These generalisations can be done at the expense of 
introducing more elaborate combinatorics; this topic will be taken up in a 
separate paper. 



IV. 1. Diagrams indexed by the face lattice of a square 

Let S denote the square [— 1, l] 2 , a convex polytope in M 2 . In what follows 
a face of S will always assumed to be non-empty, unless specified otherwise. 
We will orient the edges of S, and S itself, counter-clockwise as indicated in 
the following picture which also shows our labelling for the faces of S: 

vu et v tr 



• s • 



Vbl eb Vbr 

The orientation gives us a choice of incidence numbers [F : G] G {—1, 0, 1} 
for all faces F and G of S. For example, [e : S] = 1 for every edge e, while 

[vu :e b ] = -l and [v br ■ e b ] = 1 

for the bottom edge e b . 

For each face F we define the ring Ap to be the monoid i?-algebra 

Ap = R[T F r\I?] 

where Tp is the tangent cone Tp = span >0 {s — / j s G S, f G F} of S 
at F. For example, the ring As is the Laurent polynomial ring in two 
indeterminates R[x, x" 1 , y, while A Vbr = R[x~ 1 , y] is a polynomial 

ring. In general we have Ap C Aq if F C G. 

For a face F of S we let vp G Z 2 denote its barycentre, or centre of mass. 
For a pair of faces F C G, the difference vq — vf represents a monomial rapQ 
in the centre of Ap such that Aq is the localisation of A p by mpc'- 

For every element u G Aq there is ko > suc/i f/iaf , . 
m k FG u G /or all k > ko. ^ ' 

We also choose m§p to be the monomial represented by the lattice point 
—vp, for every face F of S. Our choices are compatible: 

mpH = mpG ■ moH for all triples of (possibly empty) faces ,~ 
FQGQHofS. [ ' 

When F is a codimension-1 face of G, the monomial mpQ is the indeter- 
minate z G {x, x _1 , y, y^ 1 } such that {z, z -1 } C Aq and ^ Ap. 

We denote by .F(S) the join semi-lattice of non-empty faces of S ordered 
by inclusion, and by Ch(R-Mod) the category of cochain complexes of right 
i?-modules. 

Definition IV. 1.1. (1) An T^S)- diagram X of cochain complexes is a 

functor X : F(S) ► Ch(R-Mod), F h-> Xp equipped with extra 

data giving each Xp the structure of a cochain complex of (right) 
^-modules, such that for each pair of non-empty faces F C G 
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R[x,y~ l ] 
k 



y 

R[x,y,y 

y -k 

R[x,y] 



-li 



- R[x,x~ ,y~ ] 
R[x,x' L ,y,y~ L ] 
—- R[x, x~ x , y] 



x 



y k 

R[x-\y,y->} 

. 

-R[x~\y] 



Figure 1. The diagram D(k) 



of S the corresponding structure map spa- Xp ► Xq is in fact 

^4i?-linear. 

(2) The J r (5)-diagram X is called bounded if the cochain complex Xp 
is bounded for every face F of S. 

(3) An J r (S')-diagram X is said to be quasi- coherent if for each pair of 
non-empty faces F C G of S the adjoint map 



X F 



A G 



is an isomorphism of Ac-module cochain complexes. 
As a matter of notation, given a functor X : F(S) — 



- Ch(R-Mod) we 
denote the differential of the cochain complex Xp by dp. 

An example of a quasi-coherent J r (5')-diagram is the diagram D(k) shown 
in Fig. [TJ We have D{k)p = Ap, and the structure maps spa are the 
inclusions followed by multiplication with the monomial rn FG . 

Construction IV. 1.2. Let C be a bounded cochain complex consisting of 
finitely generated free R[x, y, y _1 ]-modules, with a specified finite basis 
B a C C a so that we have an identification C a = (& Ba R[x, y, y^ 1 ]. 
We will show how to construct a sequence ki of non-negative integers and 



a bounded J r (5)-diagram Y with Ys 
every j G Z. 



C such that Y^ ^ B . D(kj) for 



We start by making the default convention that all numbers kj which are 
not explicitly defined are taken to be 0, and similarly that all diagrams Y J 
and all boundary maps that are not explicitly defined are taken to be trivial. 



If C is the 0-complex we can choose the trivial diagram with all values 0. 
Otherwise, C % is trivial for i > a, say, and C a ^ 0. For a face F of S we 
define YS = Ap[B a ] to be the free j4^-module on the basis B a , and for a pair 

of faces F C G we define the structure map s a FG : Yp ► Yq as the map 

induced by the inclusion Ap <Z Aq and the identity on basis elements. In 
other words, we define Y a = D(0). We set k a = 0; this is a preliminary 
definition, the value might change later on. 

If C a is the only non-trivial module in C the construction process ter- 
minates. Otherwise, we define Y a ~ l by setting Yp' 1 = Ap[B o-i]j the free 



FINITE DOMINATION AND NOVIKOV RINGS. TWO VARIABLES 



27 



j4i7-module with basis -B a -i 5 and by choosing inclusions as structure maps. 
In other words, Y^ 1 = Ba _ 1 D(0). 

We need to construct differentials (ff 1 : Y F _1 — > Y F , for all the faces F 
of 5, which are compatible with the structure maps. We choose d£ _1 = d a J l 
to be the given differential of the cochain complex C. For a proper face F 
and fixed basis element b G -B a -i the image wp,b of 6 under the composition 

B a — 1 B a — 1 B a 

is such that m FS WF,b G ©# a Af = Yf for large fe, by (fT3j) . We choose a 
large enough to work for all b G -B a -i and all proper faces F of S. 

Now we can define our Ap-linear differential d a F ~ l uniquely by the require- 
ment that it sends b G B a _i to m FS WF,b G YJ!. We replace all the previously 
constructed structure maps of Y a by their composition with m F Q, in 
effect replacing Y a = Ba D(0) with Y a = Ba D(jfe). We finally re-define 
k a = k, and set fc a _i = 0. 

This yields a map of J 7 (S')-diagrams d a_1 : Y a ~ l » Y a . If there are no 

further non-trivial entries in C the construction terminates. Otherwise, we 
extend from Y- 7 to Y-? -1 by repeating the process above: choose a sufficiently 
large integer k > so that, for each proper face F of S and each basis element 
b G Bj-i, we have m k FS WF,b G 4f = wnere ro^i, is the image of b 
under the composition 

Yr=©^— ®A s = Yt 1 ^^Y F = Q)A s . 

For each i > j, replace k{ by ki + k, and replace the structure maps sfg 
of Y l by their compositions with m FG . We let Y^~ l = @ B . 1 D(0), and 

define differentials d F 1 by the requirement that they send the basis element 
b G -Bj-i to m FS WF,b- Finally, set kj-i = 0. 

Since C is bounded this process terminates, and results in a quasi-coherent 
J 7 (5')-diagram Y with Yg = C. It might be worth pointing out that the 
composition of two differentials is the zero map as required. Indeed, the 
structure map s l F g is injective, and we have 

sfl o df 1 o d F = dfi 1 o dfc o s FS = 

(since dc is a a differential) so that d 1 ^ 1 o d l F = 0. 

IV. 2. Double complexes from diagrams. Cech complexes 

Let P be a poset. We suppose that P is equipped with a strictly increasing 
degree function d: P ► N, and an incidence function 

[- : -]: PxP Z 

satisfying the following properties: 
(DI1) [x : y] = unless x < y and <i(y) = 1 + 
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(DI2) for x < z with d(z) = 2 + d(x), the set I(x : z) = {y G P \ x < y < z} 
is finite, and we have 

Yl [x -y]-[y ■ z} = ; 

y£l{x:z) 

(DI3) for z G P with d(z) = 1 the set /(< z) = {y G P \ y < z} is finite, 
and we have 

y£l(<z) 

Now let X: P it!- Mod, x i— > X x be a diagram of ii-modules. We 

define the Cech complex of X, denoted T(X), to be the following cochain 
complex with 

(f(X)) n = X* 

d(x)=n 

with differential induced by the structure maps of X modified by incidence 
numbers [x : y]. It follows from (DI2) that this defines indeed a cochain 
complex. 

More generally, for a P-indexed diagram X of cochain complexes of 
R- modules we define a double complex D*>*, and define the Cech complex 
of X, denoted T(X), to be the totalisation: 

f (X) = Tot D*'* 

The double complex D*>* is defined by saying that 

• the qth row D*' q is the Cech complex f (X q ) of X q , the P-indexed 
diagram of i?-modules consisting of all the cochain level q terms of 
entries in X, and 

• the vertical differential in column p is induced by the differentials of 
the cochain complexes X x with d{x) = p, modified by the sign (— l) p . 

By construction, vertical and horizontal differentials anti-commute. 

We will apply this construction in specific cases only. For example, for 
P = J~(S) we can choose d to be the dimension function, and use the 
incidence numbers introduced at the beginning of flIV.ll This data satisfies 
the conditions (DI1-3) above. In particular, every J r (S')-diagram X in the 
sense of definition IIV. 1 . ll gives rise to a double complex D*'* of i?-modules, 
and a cochain complex T(X) = Tot D*'* of i?-modules. Explicitly, we have 

/y ■ xi (is) 

dim F=i 

with horizontal and vertical differentials induced by 

d h = [F : G)s FG , d v = (-If ■ d F 

dim F=i 

where [F : G] are our chosen incidence numbers, and 

f (X) n = (T©tzr-*) n = D*> j 

i+j=n 

equipped with differential d = d^ + d v . 
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IV.3. Cech cohomology. Computations 

Let C and Y be as in Construction |IV.1.2| and let D*'* be the double 
complex (|15p used to define T(Y). In particular the module C* = D 2,t is 
a free R[x, x -1 , y, y~ 1 ]-module with basis Bt. By construction, D* ,f is the 
Cech complex of a -Bt-indexed direct sum of diagrams D(kt), where kt > 
depends on i according to construction IIV. 1.21 (As before we use the symbol 
D{k) to denote the diagram of Fig. [TJ We will never refer to an object 'D' 
alone, so our notation should not lead to any confusion.) To compute the 
cohomology of D* jt it is thus enough to compute the cohomology of T[D(k)) 
for k > 0. 

Recall that S = [— 1, l] 2 . We denote by kS the k-th dilate of S which is 
[—k, k] 2 . By R[kS n Z 2 ] we mean the free i2-module with basis kS n Z 2 = 
{(i, j) G Z 2 | — k < i,j < k}, the set of lattice points in kS. 

We now want to consider the following cochain complex of ii-modules: 



R[kS n Z 2 ] 

t{D{k)f^t{D{k)) 1 ^- 



r{D(k))'' 



(16) 







the second line is a truncated version of f (D(k)), and the map d is given 

k 



by multiplication with the monomials rnh v for the various vertices V of S. 



More explicitly, bar the zero terms this is the complex 

R[x, x^ 1 , y] 



R[kS n I? 



R[x, y] 

e 

R[x-\y] 

e 
e 

Ma? -1 ,!/ -1 ! 



e 

R[x~ l ,y,y~ l ] 

e 

y -1 ] 



3; , y, y ] 



where d , d° and d 1 are given by matrices 
/ x k y k \ 



r 


— k 

-x 


x k 











y-k 





-y k 












-y" 


k o 


yk 




\ 








x~ k 


-x k j 










and d 1 


= (y- 


k ,x k ,x k ,y 



— h h 

,_l _ x y 

h —h 

x y 
\x~ k y~ k ) 



Lemma IV. 3.1. The complex U6\) is exact for k > 0. 

Proof. It is easy to see that d 1 is surjective; for example, we can write 
any element p G R[x, x~ x , y, y -1 ] as a sum p = p + + p_ where p + G 
x _1 ][y] andp_ G y i?[a;, a; ][y ], and note that d 1 maps the quadru- 
ple (y fc p+> 0, 0, y _fc p-) to p. 

To show that the complex is exact at f 1 (D(£;)) for a given boundary 
ei G ker(<i 1 ) we will construct an explicit cochain eo G f (D(fc))° for which 
d°(e ) = e l . 
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Fix exponents i and j. On the one hand, the coefficient of the mono- 
mial x l yi in d 1 (ei) = is zero. On the other hand, we can systematically 
work out which terms of the components of e\ contribute to the coefficient 
of x l y J , as follows. 

Case 1: \i\ > k and \j\ > k. The coefficient of x l y 3 receives contribu- 
tion from exactly two of the four components of e±. By sym- 
metry we may assume that i,j > k (the other cases being sim- 
ilar); then the first and second components of e\ must contain 
terms of the form ax l y 3+k and bx l+k y 3 , respectively, with a + b = 
0. We set Zij = (-ax i+k y 3+k , 0, 0, 0) and note that (f{z id ) = 
(ax i y j+k , bx^y 3 , 0, 0). 

Case 2: \i\ < k and \j\ > k. The coefficient of x % y 3 receives contributions 
from three of the components of e±. Let us again assume that both i 
and j are non-negative. Then the first three components of e\ must 
contain terms of the form ax l y 3+k , bx l+k y 3 and cx l ~ k y 3 , respec- 
tively, with a+b+c = 0. We set z itj = (bx i+k y j+k , -cx i ~ k y 3+k , 0, 0) 
and note that d°(zij) = (ax l y 3+k , bx l+k y 3 , cx l ~ k y 3 , 0). 

Case 3: \i\ > k and \j\ < k. This is dealt with in a manner similar to the 
previous case. 

Case 4: \i\ < k and \j\ < k. The coefficient of x l y 3 receives contributions 
from all four components of e±, which must contain terms of the 
form ax l y 3+k , bx t+k y 3 , cx l ~ k y 3 and dx l y 3 ~ k , respectively, with a + 
b + c + d = 0. We choose 

Zij = ((b + d)x i+k y j+k , -cx i - k y j+k , dx i+k y j - k , 0) 

and note that dP(zij) = (ax l y 3+k , bx l+k y 3 , cx l ~ k y 3 , dx l y 3 ~ k ). (Un- 
like before, the definition of Zij does involve a choice between many 
alternatives. The one given will do.) 

Now define eo = J2i jez z i,j'i this is a finite sum as only finitely many of 
the can be non-zero. By construction we have d°(eo) = e\ so that 
im(d°) = kev(d 1 ) as required. 

We now show that ker(<i ) coincides with the image of An element eo 
of f {D(k))° is of the form 

eo = ( ^2 aijx'y 3 , ^ hjX % y 3 , ^ CijX x y 3 , ^ dijX l y 3 ^ , 

ij>0 i<0<j j<0<i i,j<0 

with all sums being finite. If dP(eo) = 0, that is, if eo £ kerci , then in 
particular (by considering the first component) 

-x~ k ■ aijX i y j + x k ■ ^2 b ij xi V j = € R[x,x~ l ,y] . 

ij>Q i<0<j 

This implies for all j > that 





— h-2kj 


for < i < 2k 




= 


for i > 2k , 


bij 


= 


for i < -2k . 
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Considering the other components of d°(eo) in a similar manner shows that 
all coefficients with subscripts \i\ > 2k or \j\ > 2k vanish, and that 



a, j 




-2k 


for < j < 2k, 


i > 


ki 


= dij. 


-2k 


for < j < 2k, 


i < 


c i,i 


= dij- 


-2k 


for < j < 2k, 


3 <0 



Now we choose 

e_i = a i+k j +k x l y j £ R[kS n Z 2 ] , 

— k<i,j<k 

and our characterisation of the coefficients of eo above immediately gives 
that (i^ 1 (e_i) = eo- 

Finally, it remains to observe that d~ l is injective; in fact, each of the 
four components of d~ 1 is injective by itself. □ 

Corollary IV. 3. 2. The complex D*' 1 is quasi-isomorphic to the finitely 
generated free R-module (considered as a cochain complex concentrated in 
degree 0) 

@R[k t snz 2 } 

B t 

via the map d _1 from the preceding lemma. □ 

Proposition IV. 3. 3. Let C andY be as in Construction \IV.1.S\ . There is 

a quasi-isomorphism x : B' ► f(Y) from a bounded cochain complex B' 

of finitely generated free R-modules with B' 1 = R[kiS n Z 2 ]. 

Proof. Let D*'* denote the right half-plane double complex (fT5|) associated 
to Y as at the beginning of this subsection. We define a new double com- 
plex E*'* which agrees with D*'* everywhere except that in column —1 we 
put the free i?-modules E~ x,t = B R[k t S n Z 2 ], with vertical differential 
induced by the negative of the differential of Y and horizontal differen- 
tial d _1 as above. The resulting double complex has exact rows, by Corol- 
lary HVX21 hence the induced map x- E' 1 ** f(Y) = Tot D*'* is a 

quasi-isomorphism by Lemma lII.2.31 (To apply the Lemma we may need to 
re-index C and Y temporarily to make sure that all non-zero entries live in 
non- negative cochain degrees.) □ 

IV. 4. The nerve of the square. More Novikov rings 

In this section we will describe diagrams involving both the Novikov 
rings from Part IIIII along with other rings as we'll describe shortly. For each 
face F we will construct a diagram Ep, the Cech complex of which will 
be quasi-isomorphic to Ap considered as a cochain complex concentrated in 
degree zero. We will omit the subscript from Ep whenever the face is clear 
from the context. 

Definition IV.4.1. For a non-empty face F of the square S we make the 
following definitions. 

(1) The star of F, denoted st(F), is the set of faces of S which contain 
F. 
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(2) We will denote by Mf the nerve of st(F), the simplicial complex on 
the vertex set st(i ? ) in which the faces are given by the sequences 
of strict inclusions of elements of st(-F). The faces of Mf will also 
referred to as flags of faces of S. 

For each face r of Mf we will define a ring A(t). Note that r can occur in 
Mf for many faces F; the definition of A(t) does not depend on F, however, 
which is reflected by the notation. 

Definition IV. 4. 2. By our previous definitions we have A b i = R[x,y], 
A eb = i?[x,x _1 ,y] and As = R[x, x , y, y -1 ]. We now define the following 
rings: 

A(v bl ) =R[[x,y]} A(v bl ,S)=R((x,y)) 

A(e b ) = R^x'^y}] A(e b ,S) = R[x, x' 1 )^)) 

A(v bl ,e b ) = R((x))[[y}} A(v bl ,e b , S) = R((x))((y)) 

Also, we define A(S) = As- If e b is replaced by e; throughout, we have the 
same definitions with x and y swapped. Finally, to replace the subscript "Z" 
by "r" we replace x by x , and to replace the subscript "6" by "i" we 
replace y by y~ x . 

This defines a ring A(t) for any non-empty flag r of faces of S. For 
example, we have 

A(v br ) = R^x' 1 ^}} and 

A( Vtr , e r ) = J R((y- 1 ))[[x- 1 ]] . 

For each face F of the square we have a diagram of i?-modules 

E F : M F - -R-Mod , r ^ A(t) 

with maps given by inclusion of rings. Here and elsewhere we consider Mf 
as a poset ordered by inclusion of flags. 

We first exhibit the case when F = {v} is a vertex. The star of v is the set 
{v,e x ,e y , S} where e x and e y are the two edges incident to v. Specifically we 
take v = vtr = (1, 1), e x = e r to be the right vertical edge of 5, and e y = et 
to be the top horizontal edge (the situation for the other vertices will be 
similar). The diagram E v is given in Fig. [5J The entries are specified using 
both the abstract notation A(t) as well as the concrete Novikov rings. 

For the case when F is an edge wg take F — e x as defined above (the other 
cases being similar), and note that the diagram E Ex appears as a restriction 
of E v since M ex is an order ideal of M v . Explicitly, E er looks like this: 

R[x,x-\y,y- 1 } ► R[y, iT 1 ]^" 1 )) + R[y, 2T 1 ] [[ar 1 ]] , , 

A{S) A{e r ,S) A(e r ) [ ' 

Finally, if F is the square S itself, then the nerve Ms of st(S') is just {S} 
and the diagram Es consists of only As = A(S). 

Back to general F, we equip Mf with degree and incidence functions in the 
sense of ^IV.2t the degree function is given by the (simplicial) dimension, 
which assigns to a flag with k + 1 entries dimension k, and the standard 
simplicial incidence numbers. To explain the latter, note that a flag r is 
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A(e t ) A{v tT ,e t } A(v tr ) 




A(S) A(e T ,S) A(e r ) 

Figure 2. The diagram E v for v = v tr = (1, 1) 



totally ordered, so we can let di(r) denote the flag obtained by omitting the 
ith entry (0 < i < dimr) and set [di(r) : r] = (—1)*; all other incidence 
numbers vanish. — The diagram Ep then has an associated Cech complex 
t(E F ). Explicitly, 

f(^)*= A(r) 

tGA/> 
dim T=t 

with differential induced by 

A(r) ±2L .4(a) . 

IV.5. Decomposing diagrams. Cech cohomology calculations 

We keep the notation from ^IV.41 For a fixed face F of S, the i?-module 
diagram Ep is in fact a diagram of A^-modules: all its entries contain Ap 
as a subring, and all structure maps are ^4ir-linear. In particular, its Cech 
complex T(Ep) is an Ap-module complex. Moreover, by the property (DI3) 
of incidence numbers, the inclusion maps of subrings assemble to a map of 
Ap-module cochain complexes 

ap:Ap »t(E F ), (18) 

where we consider the left hand side as a cochain complex concentrated in 
degree as usual. 

Lemma TV. 5.1. The map ap is a quasi-isomorphism. 

Proof. We note that there is nothing to prove in case F = S as T{Es) = 
A(S) = As and as = id^- 

Next suppose that F is an edge of 5. We will treat the case F = e r = 
{1} x [— 1, 1] only, the other cases are identical apart from possible coordinate 
changes replacing an indeterminate x or y by its inverse, or swapping their 
roles. - The diagram E er is depicted in (fT7j) . Considered as a diagram 
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of i?-modules it decomposes as the direct sum of two diagrams of the same 
shape, corresponding to non-positive and positive powers of x respectively: 
E er = £>+©£>_ where 

V. = ( R[x-\y,y- 1 ] ► R{y, y' 1 ] [[x" 1 ]] . R[y, y' 1 ] [[x" 1 ]] ) 

and 

T> + = ( xR\x,y,y^] - xR[x, y, y' 1 ) 0). 

Upon application of T, the short exact sequence of diagrams 

► V + E er * £>_ * 

translates into a short exact sequence of Cech complexes 

. f (£>+) - t{E er ) -L+ f(Z>_) - . 

Now T(T> + ) is acyclic (it is a two-step complex with only non-trivial differ- 
ential being an isomorphism) so that (3 is a quasi-isomorphism. Introducing 
the diagrams 

So = ( ► R^y'Wx- 1 ]] . R^y- 1 }^ 1 ]] ) 

and 

£i = ( Rix^^y- 1 ] - « ) 

we have a short exact sequence 

S £>_ Si 

and consequently a short exact sequence 

f(£i) f (£>_) —U f (£{) . 

Now r(£i) is acyclic by the same reasoning as before so that 7 is a quasi- 
isomorphism to r(£i) = A er . As clearly 70/30 a er = id^ F it follows that 
<7 er is a quasi-isomorphism. 

We finally deal with the case F = v a vertex. We will treat v = vt r = (1, 1) 
explicitly, the other cases are similar (and follow formally by change of 
variables). - Informally speaking, we decompose the diag ram E v as a. 
direct sum of i?-module diagrams by restriction to the sets 

Q" ={*V \ % > 0, j > 0} , 

'Q ={*V \i < 0, j > 0} , 

•Q ={x l y J \i < 0, j < 0} , 

Q. = W I i > 0, j < 0} 

which correspond to the four quadrants (with or without various boundary 
components included). We denote the restricted diagrams by E' , 'E, ,E 
and E m respectively. The four resulting summands are shown in Fig. [3l 
The diagram appearing in the top right is E* . The top left diagram is *E. 
Similarly, ,E is the bottom left diagram and E, is the bottom right diagram. 

Note that the splitting E v = 9 E © *E © E, © E* yields a corresponding 
splitting of Cech complexes 

t(E v ) = f(.E) © f (*£) © t(E.) © t(E') . 



►O- -0 »0« 




i^x" 1 ,*/" 1 ] ► ^[y" 1 ]^" 1 ]] * ^[y" 1 ]^" 1 ]] xRfay- 1 ] xRfoy- 1 } « 
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We will show 

(i) that the last three summands are acyclic so that the projection map 
7r: T(E v ) ► t(,E) is a quasi-isomorphism, and 

(ii) that there is a quasi-isomorphism (3: T(»E) A v such that the 

composite map 

A v t(E v ) — t(.E) -L+ A v 

is the identity. 

It then follows that a v is a quasi-isomorphism as claimed. 

The main idea in both cases is to use a suitable filtration of diagrams, as 
was done implicitly in the case of an edge above. More precisely, we will 
look at a chain of epimorphisms of i?-module diagrams indexed by M v 

Y Kl Y K2 Kk Y 

Ao * Ai *■ . . . Afc 

such that r(kerKj) is acyclic for 1 < j < k. From the short exact sequence 

* f (kevKj) * f (X,-_i) F(Kj) ■ F(Xj) * 

we then infer that the map T(kj) is a quasi-isomorphism. 

Let us consider specifically the diagram Xq = *E (top left in Fig. [3|). We 
define k\ and X\ by saying that ker k\ has trivial entries everywhere except 
at the flags {vu, e{\ and {vu, e\, S} where it coincides with Xq (see Fig. [2] 
for a reminder on the indexing) ; the non-trivial structure map is the identity. 
The Cech complex r(kerfi;i) is a two-step complex with an isomorphism 
as differential and is thus acyclic. — We construct further diagrams Xj in 
a similar manner from Xj—i, by saying that ker Kj is trivial except at two 
flags n and ti where it has equal values (with identity map as structure 
map between them), and coincides with Xj-.\ here. In detail, we choose 

j = 2: n = {e/} and t 2 = {ei, S}; 

j = 3; n = {v u , S} and t 2 = {v u , e t , S}; 

j = 4: n = {S} and r 2 = {e t , S}. 

This makes X^ the trivial all-zero diagram so that T('E) is quasi-isomorphic 
to the zero complex via T(ki) ° f(^2) ° ^(^3) o r(«4). — The diagrams E* 
and E, can be dealt with in a similar manner. This proves (i). 

To prove (ii) we employ the following filtration of Xq = ,E: we let ker kj 
be the diagram determined by the choices 



j 


= 1: 


n 


= {vth ej and r 2 = {v th e h 


S} 


j 


= 2: 


n 


= {e/} and t 2 = {ei, S}; 




j 


= 3: 


n 


= {v u , e t } and r 2 = {v u , e t , 


S} 


j 


= 4: 


n 


= {e t } and t 2 = {e t , S}; 




j 


= 5: 


n 


= {v u } and t 2 = S 1 }. 





The diagram X5 has a single non-trivial entry, viz. , the entry j4„ at position S 
so that r(^) = A v . The map /3 = r(K5K4K3K 2 Ki) satisfies all the required 
properties. □ 

We also need to record the naturality properties of the maps of- Let 
F C G be faces of 5. Since every r € A/"g is also an element of Nf, we can 
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define a "projection" map 

X FG :t(E F ) »£(E G ) (19) 

which maps summands occurring in both complexes by the identity, and 
maps all other summands of the source to 0. (Note that T(Eq) is, in general, 
not a direct summand of T(E F ), though.) It is a matter of straightforward 
checking that the diagram 

A F ° F » f(E F ) 

X FG (20) 

A G t(E G ) 
commutes, and that we have 

X F H = X FG ° \gh (21) 
for a triple of faces F C G C H of S. 



IV.6. Partial totalisations of triple complexes. Applications 

For this last section of the paper we assume throughout that C and Y 
are as in Construction IIV.1.2t that is, we assume that C is a bounded 
cochain complex of finitely generated free R[x, y, y _1 ]-modules, with 
C n having basis B n , and that Y is a bounded J r (S')-diagram in the sense of 
Definition HV.l.ll with Ys = C, with each Y n isomorphic to a -B n -indexed 
direct sum of diagrams of the form D(k n ). 

We will introduce the following complexes and maps between them: 
B' — - TetS*'*'* — - TotT*'*'* — - TotC/*'*'* 

and 

Tot V*'*'* ^ Tot W*>* C , 
and a splitting of complexes 

TotC/*'*'* ^ Tot V*'*'*0? . 

In total, this will show that, provided all the chain complexes listed in (|la|) 
and (jlbp are acyclic, the cochain complex C is a direct summand up to 
homotopy of a cochain complex homotopy equivalent to B' . As the lat- 
ter consists of finitely generated projective -R-modules, this shows C to be 
^-finitely dominated. This finishes the proof of the implication (b) =>■ (a) 
of the Main Theorem. 

We start with the triple complex 

f for t ^ , 

QU,S,t _ ) ' ' 

~ | fcs Y F for t = . 

> dim F=u 

Differentials are necessarily trivial in z-direction; for fixed s, the complex 
S* ,s '° is the Cech complex of the constant J-"(5)-indexed diagram Y s , and 
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for fixed u the complex S u '*'° is a direct sum of complexes Yp with differential 
changed by the sign (—1)". 

We note that £*'*>* is actually a double complex in disguise, and that 
Tot S*'*'* = Tot 5*'*'° = f(Y). Hence by Proposition ELM) 

Lemma IV. 6.1. There exists a bounded cochain complex B' of finitely gen- 
erated projective R-modules, together with a quasi-isomorphism 

X : B' ► TotS 1 *'*'* . 

□ 

If the face F is contained in the minimal element of the flag r then 
Ap C A{t). Consequently, we can define a triple complex T*'*'* by 

TU,S,t = Q (y.^ Q A{r) ^ (22) 

FcS reAfp 
dimF=M dimr=t 

with differentials induced by 

d x = [F : G] ■ (s FG ® X FG ) , 
d y = (-1)" • (d F ® 1) , and 

d z = (-ir+ s -(i®d MF ) , 

with Xfg is as i n (|19|>. where c2jv> denotes the differential of the cochain 
complex T(Ep) and dp denotes the differential of the cochain complex Yp. 
(Note that for fixed t the maps d x are induced by the cochain complex maps 

[F : G] ■ (s FG ® Xfg) ■ Yp ® A{r) > Y G ® A(r) , 

where r is a t-dimensional flag in Mg\ this implies, in view of (|2ip . that 
d x ° d x = 0.) 

The triple complex just defined is such that T u ' s '*, for fixed indices u 
and s, is a direct sum of complexes of the form Yp <Sa f T(Ep), with differ- 
ential changed by a sign (— l) u+s . But as T(Ep) is quasi-isomorphic to j4 f 
via the map ap defined in (|18|) . and as is a free ^p-module we have a 
quasi-isomorphism Yp ®a f ^{Ef) — Yp. In fact, the compositions 

Y^Yf® A F Yp< ® f (£ F ) 

A F A F 

assemble to a map of triple complexes 

which is a quasi-isomorphism on complexes in z-direction in the sense of 
Lemma III.3.31 We thus have: 

Lemma IV.6.2. The map Tot (v) : TotS 1 *'*'* - Tot T*'*'* is a guasi- 

isomorphism. □ 

Next, we define a triple complex U*>*'* which is, informally speaking, the 
restriction of T*'*'* to those flags which are either zero-dimensional, or do 
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not involve S. Explicitly, 

'0 fort ^0,1 



TT u,s,t ) © Fes f Y F ® Af © tga/f Mr) ) for t = 1 , 

f = < dimF=u v dimr=l 7 (,^oJ 

© FcS fa ® Af ® G df MG)) fort = 0; 

note that JJ U,S ' 1 = if u ^ 0, and that the second direct sum in the last line is 
taken over all 0-dimensional flags in Mp, i.e., over all faces G containing F. 
The differentials are either trivial by necessity, or the restrictions of the 
corresponding differentials of T*'*'* where possible. 

There is an obvious "projection" map of triple complexes 

it is given by sending the summand Yp <8>a f M t ) to itself via the identity 
map if the target contains the same summand, and by sending it to other- 
wise. (Note that U*>*>* is not a direct summand of T*'*'* due to the presence 
of too many non-trivial differentials in z-direction in the latter.) 

Lemma IV. 6. 3. If all the chain complexes listed in (jlaj) and (|lb|) are 

acyclic, the map Tot (u) is a quasi-isomorphism. 

Proof. First note that the complexes listed in (jlap are of the type C ® A(e, S) 
for an edge e of S (all unmarked tensor products are over the ring As = 
R[x, x~ l , y, y~ l ] in this proof). Similarly, the complexes listed in (|lbp are 
of the form C ® A(v, S) for v a vertex of S. 

Suppose now that these complexes are acyclic. Since C is a bounded 
complex of free modules, they are then in fact contractible, i.e., homotopy 
equivalent to the trivial complex. Since tensor products preserve homo- 
topies, it follows that for each 2-dimensional flag r = (v C e C S) the 
co chain complex 

Y s ® As A{t) Y s ®a s A{v, S) ® A{VtS) A{t) 

is contractible and hence acyclic. That is, acyclicity of the complexes (jlap 
and (fTbj) implies acyclicity of the additional eight complexes 

C®fl((x))((y)) , CQR&xMy- 1 )) , 

C^Rdx-'ny)) , CQR&x^My- 1 )) , 

C®R((y))((x)) , C^RdyMx- 1 )) , 

C®R((y- 1 Mx)) , CQR&y^Mx- 1 )) ■ 

Let F be a face of S. If r G J\fp denotes a positive-dimensional flag ending 
in S, we know that As C A(t) and thus 

Y F ® A(t) ^Y F ® A s ® A(r) 
A F A F A s 

= C ® A(r) 
~ 

where we made use of the fact that Yp <&a f As = Ys = C according to 
Construction IIV.1.21 
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But this means that w is a quasi-isomorphism of cochain complexes 

rpU,*,t ^ jjU,*,t 

for all u,t € Z. Indeed, for t = it is an identity map, for t = 1 it is a 
direct sum of identity maps (corresponding to summands indexed by flags 
of the form v C e) and maps from acyclic to trivial complexes (all other 
summands), for t = 2 it is a map from an acyclic to a trivial one, using 
the results of the previous two paragraphs. From Lemma III. 3. 31 we conclude 
that Tot (lo) is a quasi-isomorphism as claimed. □ 

Now JJ*'*'* has a direct summand consisting, informally speaking, of the 
summands indexed by G = S at height t = only: 

u s t S for t ^ , 

V ^ = I Fes {Y F ® Af A(S)) for t = ; (24) 

> dim F=u 

differentials are obtained by restricting the corresponding ones of JJ*'*'*. 
Clearly then Tot V*'*'* is a direct summand of Tot {/*'*'*. 

The triple-complex totalisation V*'*'* agrees with the double complex 
totalisation T®tV*'*'° (due to the absence of non-trivial terms for z ^ 0). 
Also, we have A(S) = As and Yp®A F As = C s , by construction of Y; it 
follows that the double complex V*'*'° is isomorphic to the double complex 
W*'* which, in column p, has a direct sum of copies of C indexed by the 
p-dimensional faces of S, with differential changed by the sign (— l) p , and 
has in row q the Cech complex of the constant J r (S)-indexed diagram with 
value C s . 

Lemma IV. 6. 4. There is a quasi-isomorphism C ► T@t(W*'*). 

Proof. Since C is bounded we may, by simple re-indexing, assume that C is 
concentrated in non-negative degrees and that consequently W*'* is concen- 
trated in the first quadrant. For q > let h q denote the diagonal inclusion 

C q W°' q = ® v C q , modified by a sign (— l) q (the direct sum taken over 

all vertices of S). By construction the two composites 

C q . W°' q W°' q+l and C q ► C q+l W°' q+l 

agree up to sign. The complexes 

C q ► W°' q W 1,q ■ ■ ■ 



are exact; this follows, for example, from the observation that they can be 
obtained by tensoring the dual of the augmented cellular chain complex of S 
(which computes H*(S; R) = 0) with the free -R-module C q . — We can now 
apply Proposition III.2.3I to conclude that C ~ Tot W*'* as claimed. □ 
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